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FUNCTIONS AUTOMORPHIC ON LARGE DOMAINS
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DAVID A. JAMES

ABSTRACT.   For a discontinuous group   rCSL(2, R), Poincare produced

a corresponding nonconstant automorphic form, meromorphic on the open upper

half plane  II   .   When the domain of meromorphicity grows larger than  ü  , the

type of group which can support an automorphic form is restricted, and the

corresponding forms are generally quite simple.    A complete analysis of this

phenomenon is presented, with examples which show results are best possible.

I.  Introduction.   Let  l   be a group under multiplication of two by two

matrices with real entries and determinant one.   To each matrix   M = {a    ,) there

is a corresponding linear fractional transformation  zMz = (az + b)/{cz + d).   A

function  /(z) is an automorphic form of degree  r with respect to Y on some

T-invariant set  ß  if / is meromorphic on Í2  and

fiz) = foz + d)rf{Mz),     \IM = (a    b )   € T and   Vz £ Ü.Ci)
If  r = 0, /(z) is an automorphic function.   If  v is a function acting on the ele-

ments of  T and  f{z)v{M) = foz + d)rf{Mz), VM = (q  J)eT and  Vz £ 0, then

v is the multiplier system associated with the automorphic form  /.   Normally an

automorphic form is required to have a certain growth condition within angles at

parabolic vertices [5, pp. 76, 77], but this condition shall be deleted since it

plays no role in the material presented  here.    For  M / ±1, the equation  Mz = z

has two solutions (which may coincide) in the extended complex plane.   If these

two fixed points  £j  and   C2  °f  M are distinct and finite, K is defined for each

M by   {Mz - Cp)/(zMz - £2) = K{{z- Q/ix - Q).   If  f, = ■»,  K is defined by

Mz - £2 = K (z - ¿;2).   If   £j = £2, then   K = 1.   This   K  is called the multiplier of

M.   Let   K = pe'  .   For a matrix  M with real entries, there are three possibilities:

if  p = 1,   8 / 0,   M is called   elliptic,

if  p/l,   6 = 0,   M  is called   hyperbolic,

if  p = l,   8 = 0,   M is called  parabolic.
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A parabolic of form   í(¿   f is a translation.   The multiplier for  Alm  is   Km.   A

matrix   M  has  Ift-order  n  if its corresponding linear fractional transformation is

of order  n; i.e.  M"  -  +/.   Only an elliptic matrix can have finite lft-order  n, and

then if and only if its multiplier   K is an nth root of unity [5, pp. 6, 7].   V is

called Ift-cyclic if the corresponding linear fractional group is cyclic.   Since both

(a   f and   (~a  _f) correspond to the same linear fractional transformation, a

normalized representative can be chosen such that   a > 0, and if  a = 0 then c>0.

An ingenious classical result of Poincare'established that for most discon-

tinuous groups, a corresponding nontrivial automorphic form of degree    - r,   r even

and greater than two, is given by   2r/(/Vlz)(cz + d)~r where  H iz) is a restricted

type of rational function, and the sum is over all distinct bottom rows of  zVlz for

normalized   M in   T  [6].   Elementary modifications and combinations of such func-

tions give automorphic forms of any even degree for a discontinuous   V.   Such

forms are meroir¡orphtc on the open upper half plane   II  .   A question raised by

Marvin Knopf   was:   For what groups may a nonconstant entire automorphic form

be found?    The answer, incorporated in the results below, is: either the function

is a polynomial (which case is then studied in full), or the group must be gener-

ated by at most two translations.   Actually a more general approach was used,

valid for functions meromorphic on the plane.   For such a nonconstant  / with

multiplier system identically one, we prove that either  T is finite or  V consists

solely of translations, solely of nontranslational parabolic elements, solely of

hyperbolic elements, solely of elliptic elements, or  V is the group extension of a

hyperbolic group by a single elliptic.   In each of these cases, f (z) must have a

particularly simple form; for instance if   V consists of parabolic elements (not

translations), then / iz) = A (2 - 2.)    where  z     is real, and the degree  r = a. 4 0.

Results of Knopp arc here useful.   For multiplier systems not identically one,

similar results are given.

Finally we study the case where  / is meromorphic on various other domains

larger than the half plane.   Rational functions fall naturally under the above-men-

tioned results.   For nonrational functions:

(a) if  / is meromorphic on the whole plane, then the group  V is lft-cyclic

and is generated by at most two translations;

(b) if  / is meromorphic in a domain containing the closed upper half plane,

then additionally permitted in   V ate elliptics of finite order (Theorem 7);

(c) if  / is meromorphic in a domain containing all except one point of the

closed upper half plane, then additionally allowed in   V ate hyperbolics with lower

left entry zero and parabolics (Theorem 8);

(d) if  / is meromorphic in a domain containing all except two points of the

closed upper half plane, then additionally permitted in   V ate hyperbolics with

arbitrary lower left entry (Theorem 9).
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Thus as the required domain of definition  0  of  fiz) shrinks, more freedom is

allowed to the group  I.   One need not continue with theorems in which more points

are removed, since already by (d) above, Y may be cyclic of any type except that

generated by an infinite order elliptic.   That   Y cannot contain an infinite order

elliptic, even if  Í2 = II  , follows from the proof of Theorem 7.   Thus Theorems 7,

8, and 9 fill the gap between Theorem 6 where   Q  is the complex plane, and

Poincare"s result where   fi is the open upper half plane.   Theorems 7, 8 and 9 are

independent of whether or not a multiplier system is present.

Throughout, a, b, c, and d are real and ad - be = 1. For a, b, c and d com-

plex, see [3]. Until Theorem 10, r is integral. In Theorems 1 through 6, v (M) =1,

V-M eT.   C denotes the complex plane, and  II    the open upper half plane.

II.   Functions meromorphic on   C.

Theorem  1.   Let f, an automorphic form of degree r with respect to Y, be

meromorphic on the complex plane and be nonrational.    Then  Y contains at most

translations, and is Ift-cyclic, thus generated by at most two matrices.

Proof.   Suppose   Y contains  M = (^   *) with   c / 0.   Set  /fo) = f {Mz) =

{cz + d)~Tf{z).   f is meromorphic in a neighborhood of  M'    oo = — d/c so that  / is

meromorphic at infinity.   Since it is also meromorphic on all   C,  fiz) is rational, a

contradiction.   So  c = 0.   Next it is shown  a = d = ±1.   If not, the two fixed points

of  M ate   oo and   C\ = b/{d - «)•   Let  /fo) = S"foN a  fo - <fo)n  be the expansion

valid in some deleted neighborhood of £p   Let  y be a small circle about  £p

«'i W dt   -   -L       f      lOt+WMq
k     2m Jy (t-C,)^1 2«  Jy    {t-Qk^

i-fIrri  J~>

F'Sr=Nan{{{at + b)/d)-Qn
- dt

U-£Ak+1

dr     -    Z~_Nan{{at + b)/d - (aC, + b)/d)n
- -  dt

277Z Jy (/-<:/+>

K-N^a/d^-Qn

it-Cv
-dt.

J y i.       r  \zfe + l2ítz J y i, _r )k+i

Here two facts have been utilized: first that  M carries a small neighborhood of  <fo

onto a small neighborhood of  £j  and thus the substitution of  Mt fot  t  in the

expansion is a valid procedure for the determination of  f{Mt), and second that

£j = {aC,    + b)/d.   Now   \t - ¿)A  remains greater than some nonzero constant for  /

on   y, and   £°°=N a  ia/d)"{t - zfo)"  converges absolutely and uniformly to f{t)/dr

for  / on   y.   Thus
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it-Cfk+x

converges likewise, and the interchange of order of summation and integration is

justified.

'     S, "\A 2- Jr(i-i,)'*'
dt

•,, \ k - ( 2 ni    if  7?z = - 1,

0 otherwise.
■(J)4«*.     Sin«   ]>-<!*"*-{

So  a,  = ß,«7" since   c = 0 forces  a = d     .   f (z) is nonrational so that  p and

? may be found such that  a    / 0 and  a^ 4 0.   1 = ít"'-29 = dr~2q.   Not both

r - 2p and   r -2q   can be zero.   Thus   |í7| = 1   and since  ad - Ob = 1, M =  ±(0   f,

a translation.

That  r is Ift-cyclic is seen by the decomposition of  T into the disjoint

union of  r   and  T   where   V   contains the matrices of form  (n   ,) and  T , not a

group, those of form   i~ 0_f.   For  V , f iz) = (Oz + l)r f iz + b) so there must be

a AL in V  such that  |£>0|  is minimal nonzero, for otherwise the values of  / would

accumulate and  / would be constant.   T   is generated by a  A4n by a euclidean

algorithm type argument.   If  M = i~ 0_ . ), M    = (*   ~'   ) so  b- divides   2b and

b = nbQ/2.   If, for all such   b,   n  is even, V is generated by   iQ    f) and   (~n   _.).

If  7z  is odd for some   b,   V is generated by   (~0     °./   ).   In either case   T is lft-

cyclic.

Example.   fiz) = e2^\ M = (¿   }).

Theorem 2.    Leí

fe-«J^C*-*,)"*   ...   iz-z  ff
fiz) = A-

be an automorphic form of degree   r with respect to  Y, where   a. > 0  and ß . > 0,

«tzí/ all of the z .   and  f are distinct.   If m + n > 2, '¿ezz  T consists at most of

elliptic matrices of order at most   2 max ip, q) + 2  whose   Ift-order is at most

max ip, q) + 1.    // both   m  and n  are greater than two,  "max" may be replaced by

"min".

Proof.    The following claim is useful.    Let   M = (a   b) £ T.

Claim.   If  c /O and   ia   b)n = ("«   >) and   ia   bT = ia™     bm )     ,
cd cn   d„ V   £2" ^scn    sdn>>   tnen

(    rf)" = ±("  rf)m.   Without loss of generality  n < m.

2 JL, "Z   "  /; ^_*L, a7zZ  + bn      » M      ltmZ + bm        Al

cz + d c  z + d se  z + sd
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Let z = - d I' c  .   Then - d / c     —»...   —>oo  —, • . •   -1Ü,   »   -1^ . . . , so that
n'    n n'    n

Mm~n has  oo  as a fixed point in addition to the two finite fixed points which  M

possesses.   Thus  Mm~n = +/ and the claim follows.

Since   p + q > 2,   w     a zero or pole of  /, can be found which is neither of the

fixed points of  M.   Assume it is a zero.   fiwQ) = 0 = fom^0 + dmYf{MmwQ).   If

C    227      + d
772      U 7?

0 = c wn + d    fot man, then (since neither  c     nor  c    can be zero
72      0 77 777 77

because the determinants must be one)  - <^m/cm = wo - ~ dJcn' so tnat  cm = SCr,

and  d    = sd    where  s =- c   wjd .   By the claim, Mn = ±Mm and  Mn~m = ±/ so
777 77 777       U'        77 2 '

M is of finite order elliptic type.   Thus remaining to be considered is the case of

c   w. + d     =0 for at most two  ttz.   The  f{Mmw) must now be zero for every  m
m    ci m ' U '

but two.   Unless  M is of finite order elliptic, the  Mm  would all be distinct which

would imply  / has infinitely many zeros, a contradiction.   The same reasoning

applies if  222     is a pole.

If  wn is a zero, a count of the number of times   (c   wn + d )rf{Mmw  ) may be
U ' 772        U 777     ' U 7

zero   (ttz = 0, 1, 2 fo • ■ ) yields twice for each zero of / and twice more for the

possibility   (c   Wq + d   ) = 0, i.e., MmwÇ) = oo, so that the maximum order is  2p + 2.

If wQ  is a pole, the maximum order is   2o + 2.   If both   p and q   ate greater than

two, then  tz7    can be chosen arbitrarily as either a zero or a pole.   Thus the given

bounds on the magnitude of the order are valid.

Example,   f {z) = {z - i)2(z + 4/3)2(z + 5/2)2/fo - (- 3 + z'v^)3, M =

(J   _\),  M3 = /,   r = -l.

Under the hypotheses of Theorem 2, Y is finite by Burnside's theorem [l, p.

25I] since   T is periodic of period at most   (2 max {p, q) + 2)!

Theorem 3.    Suppose  q (z) = A (z - zfofofo - £ fo ¿5 2272 automorphic form of

degree  r on  Y where z. / zfo ,   a > 0 flTZzi ß > 0.   Then

if

(a) r = a -2ß

(b) r = 2a - ß

(c) r = a - ß

Z      ¿ZtW   zfo

nonreal-reai

real-nonreal

nonreal z, =¿,
1    ^ 1

¿¿eTz  T consists of

elliptics of Ift-order at most two fixing z    and

interchanging  fo   and 00

elliptics of Ift-order two fixing  tfo   and inter-

changing z    .and 00

elliptics fixing  Zj   and ¿¡l   of Ift-order at most

Vi{a + ß)  if  a + ß  is even, of Ift-order at

most  (a + ß) if a + ß is odd.

Otherwise  Y = |/|  or \I, - 1\.
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Also in case (a), a = 2/3 + 4tz for some integer n; in case (b), ß = 2a + 4n

for some integer n.

Proof.   If  c = 0  for some   M = ia    ,) e T, then   oo is a fixed point of  AI, so at

least one of  z    and  ¿,.   is not.   Assume   z.   is not a fixed point.   Then  0 =/fe.)

= drfiMzf so that  AIz.   is also a zero of  /.   But  Mz    4 zx  and  Mz^ 4 °°.   This

contradicts the form of /.   Likewise if  4,   is not a fixed point, then  / must have

a pole at  A1z/j\, again a contradiction.   So  c 4 0.

(z - z   )a (z(a - cz   ) + b - dz  )a

/(z) = A -—- = (cz + dffiMz) = Aicz + d)r-a+ß

iz-Cfß   ' izia - cCf + b - dQß

(z-zf°{z(a~cCf + b-dCx)ß

= cr~a+ß(z +d'c)T-a-+ßiz^t:ff3iz(a~czf + b-dzffi.

Case 1.   a - c£j = 0.   Then  a - cz 1 / 0  since  z, / ¿,\  and  c 4 0. (*) becomes

iz-zf\b-dQß = c>-«+ßiz + «r/cr-^/Sfe- Cx)^fefe - «,) + * - ¿2/

=   C'-^(fl-  czfaiz   + rf/c)'~ ^(2  -   ¿^(z   +   (6_&1)/(fl-«1))a

= cr"a+/3(a - C2j)a(z + d/cf-^ßiz - Cfßiz - M" 'z^*.

So either  M~   z. = - ¿/c (but this implies  Z, = oo), or Al-  z    = z,   and  £, -—d/c

and  -ß = r-a + ß.   So z.   is fixed and  4. = - i//c   —> 00  _, a/c = £    so that

Al2=±/.   This is (a).   Also  ib - dCfß = cr~ a+ßia - cz fa and   ib - dC,fß =

ib - da/cY = i- l/er.   But  a = - d so that  Mz   = z.  has solution  z, =  (a ± z')/c

and   fe — cz.) = + 1.   Thus   (+z')a = (- ly, which implies   a = 2/3 + 4n tot some

integer  77.

Case 2.   a-cZj = 0.   Then  a - c^j / 0 since  z    4= C^  and   r/0, (*) becomes

(z -zfa(zia-cÇf + (b-dÇff =cr-^ß(z + d/c)r-^ß(z-Cfß(b -dz  )a.

Thus  Zj = - ít'/c and  Cx = M~ l£2 and   a = r - a + ß.   Thus  z, = - d/c   /-!» 00

ü   ß/c = 2j   so that  M2 =  +/,   ^   is fixed, and   r = 2a -ß.   This is (b).   That

ß = 2a + 4n follows as in Case 1.

Case 3.   a - cZj / 0 and  a - c£1 4 0.   (*) becomes

(z - Zj)^ - cQß(z - M- 'C,)^ = c'-*+/3(2 + ¿/c)r-a+/3(2_^)/3(fl-c21)a(2-Ar ^Z.

The two sides must be of the same degree in  z; hence  r — a + ß = 0.   Also
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z1 = M~lzl and   Çx=M~lCx  because  2,/^.   Necessarily   (ü-cz,)a =

{a-cCx)ß.   If  K is defined by   iMz - z^/iMz - ^) = K(z -.zj/iz - £t) where  z,

and  4    are the fixed points of  M( then

Mz - z•-«K^)-<S:ïl
so

Mz h«
¡z-z \ ziz.-KÇA + iKz.C-z.L)

K£,-        and     Mz =-.

But  M = {ac  bd) where ad - be = 1. Note that if we select S = yJK(zx - <T, ) then

Mz =
zfoj - K£p)/S+ (K- Dzj^A

z(l- K)A + (Kz, -Cx)/S

and the corresponding matrix has determinant one.   Thus

Zj - £XK

a = —-,     b

U-lfo,fo 1 - K ,       Kz 1 " ¿i

V^fo, -fo)i     ^r VKfej-i, Vfifo,-^) v^fox-C,)

and the equation  (22 - cz. )a = {a - c£.)^ becomes

-KC, (1 - K)a

VKÍZj-d)     V^foj-C,)

Kíi (1 - K)C,

\/Kfo,-fo)     VKfo, -fo)

(l/VK)a= (VK)fo   So  (VK)a+/3=l.   Case <c) follows,   z, = ^  because  z,   and  £,

are the fixed points of a finite order elliptic.

Examples,   (a)   fiz) = (z - (1  + z))2/(z - l), Af = (j   "*),

(b) /(z) = (z-l)/(z-(l + i))2, M = {\   :2),

(c) fiz) = (z - (1 + z))7fo - (1 - i))2, M = {\  l¡).

Under the hypotheses of Theorem 3, Y is finite.   In case (a) suppose   Y con-

tains two matrices   Mj  and  M v   Then  Mj/Vlj must also satisfy the conditions on

(a),  but  it fixes  C,v   Thus   Y = \M, l\ at most.   Likewise in case (b).   In case (c)

T is finite by an application of Burnside's theorem [1, p. 251].

Theorem 4.   (Knopp [4, pp. 513-51 5])-   Let p (z) = A (z - z pfo!(z - z2fo2  èe

Z2T2 automorphic form of degree  r  on Y where  z    / z     and  a    > 0,  a    > 0.    Then
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if r then  Y consists of

ia) 2a. 2a.

(b) r = 2aj = 2a2

(c) r = 2a, = 2a2

(d) r= 3a, = 3a2

(e) r = a, + a2 / 2a,

z     z?  real hyperbolics fixing z.   and z  ;

elliptics of Ift-order two interchanging

z    and z     with   a,, a    even

2, = F    nonreal   elliptics fixing z    and z

z     z    £ Il elliptics of Ift-order two interchang-

or z'     z2 eil z>zg  z,   and z     Tízzí/b   a      a     even

elliptics of Ift-order three permutingz., z     real

z 2  and

(f) r

(g) r

2a, + a„

2a2 + a,

2     real,

z     nonreal

z    real,

z.   nonreal

elliptics fixing z, and z2 of Ift-

order at most r — 2a if r is odd;

r/2 - a     if r is even

elliptics of Ift-order two fixing  z

and interchanging z     and oo

elliptics of Ift-order two fixing z,

and interchanging z    and oo

Otherwise  Y = {/|  or \I, - l\

Examples.

(a)   (1)  piz) = iz- l)iz + 1),  M = l4i   5 3),

(2) piz) = iz-2)2iz + 3)2, M = Vf\ -}f,

(b) piz) = iz - i)iz + i), M = ics^g   ~sc*e), where if 6 = 277772/77 then   M is of

order  72, and if 6/2n is irrational then M is of infinite order,

(c) piz) = (2 - z)2(z - 2z)2, M = (,°/2   -/2),

(d) p fe) = fe - 1 )fe -2), M = i\   -\)
(e) piz) = iz

(f )    p fe) = fe - 1 )(
ifiz + f), M = (   ?   J»),

1   0'

(1 +z))2, M-(J   I2),

(g)   reversed order of factors in (f).

Pertinent to the question of what types of groups are permitted when an

automorphic form of a certain type is given, is the size of  Y in (a) through (g).

Elementary considerations show in (c), (f), and (g), Y is at most  ! ±/,  ±zM| where

M2 = +/.   In (d), r is at most   { +/,   ±M,  ±M2\ where  Al3 = ±/.   In <e), as in

Theorem 3, Y is also finite by Burnside's theorem.   However in (a), Y could in

fact be all matrices which satisfy either condition.   Clearly every elliptic in (a)

satisfies  M    = +/ since   AI    has four fixed points.   Thus if  Y is not finite, either

case (a) or (b) must hold.
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Theorem 5   (Knopp [4, pp. 515, 516]).    Let p(z) = A (z - z  )a   be an automor-

phic form of degree r on Y where   a > 0.    Then

if r ana then Y consists of

(a)  r = 2a

(b)

(c)

a

a

z.   real

z.   real

z     nonreal

hyperbolics fixing z    and oo;  and elliptics of Ift-

order two interchanging z     and oo, and a even

parabolics fixing z1

elliptics fixing  z     of Ift-order  r/2   if r  is even,

Ift-order r  if r  is odd

Otherwise  Y = \I\   or \I. - I\.

Examples.

(a) (1) piz) = fo + 2/3), M = (2    l)2),

(2) p{z) = {z-l)2, M = {\   :j),

(b) piz) = {z-l)\ M = (\/22 -\'22),

(c) piz) = (z - (3 + zV3)/2)3,  M = i\  :?).

T in (a) could in fact be all matrices which satisfy either condition.   If  M  is

elliptic, M    has four fixed points so  M    = + /.   In (c)  Y is finite by Burnside's

theorem.

Iheorem 6 (Summary).    Let fiz), nonconstant, meromorphic in  C, be an auto-

morphic form of degree  r  on  Y  with multiplier system identically one.

(1) If fiz) is not the quotient of two polynomials, then  Y admits at most

translations, and is Ift-cyclic.   (Theorem 1).

(2) If f{z) = A{z-z.)a\z-zAC
ß

(z - Cm) m] where the z. and the  fo are all distinct and  a . > 0, ß. > 0, and

if   m = 0, « = 1, then Theorem 5 lists the possibilities for   Y.

ttz = 0, 72 = 2, then Theorem 4 lists the possibilities for  Y.

m = 1, ?2 = 1, then Theorem 3 lists the possibilities for  Y.

ttz = 1, T2 = 0, then the results are as in Theorem 5.

ttz = 2, 72 = 0, then the results are as in Theorem 4.

Otherwise, Y contains at most finite order elliptics as seen by Theorem 2.

Proof.   The only parts which are not already proved are the cases   777 = 1, 2

with  n = 0.   However if  /(z) is an automorphic form of degree   r, then   l/f{z) is

an automorphic form of degree  - r.   In   l//(z), the numerator has 1 or 2 distinct

zeros and the denominator no zeros, which was handled in Theorems 4 and 5.

A summary of the previous results on the finiteness of  Y in the above theorem

is: for / meromorphic in   C, and an automorphic form of degree   r on   Y,  Y is

zn)aVliz-QßAz-t2)ß2
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finite except in the following few cases:

(a) /fe) is constant. If r = 0, Y is arbitrary. If r 4 0, Y can contain only

translations.

ib)   /fe) nonrational,   Y lft-cyclic containing only translations.   Y is thus

discontinuous.

Cc) /fe) = A (z - 2 .)'', 2, real, r 4 0, Y consists solely of parabolics fixing

z.. By Theorems 2F and 2H of [5, pp. 13, 15], Y is discontinuous if and only if

r is lft-cyclic in this case.

fd)   f(z) = A (z - z f    ,  2,  real,  0 / r even, Y consists of hyperbolics

fixing  2     and   oo.    If  r/2   is even, also permitted are elliptics of Ift-order two

which interchange  z    and   oo.   If   Y   is the subgroup of all hyperbolics in  Y, and

F and   F    are elliptics in   Y, examination of the fixed points shows   E~   E   eY

so  E' e EY'.   Thus   r = r   U EY'   and as in (c) is discontinuous if and only if

r    is lft-cyclic.   So  r  is discontinuous if and only if  Y  is lft-generated by a

hyperbolic, or if   r/2  is even, by at most a hyperbolic and an elliptic.

(e) f iz) = A (z - z  )'' ' 2(z - z fr     ,  z      z    real,  0 / r even,   Y consists of

hyperbolics fixing  z     and  z       If  r/2  is even, also permitted are elliptics of Ift-

order two which interchange  z    and   z       As in (d), if  Y is discontinuous, Y is

lft-generated by a hyperbolic, or if  r/2  is even, by at most a hyperbolic and an

elliptic.

(f) f iz) = A (z - 2   )''' 2(z - 2,)'''    , z     not real,  0 / r even,   Y consists of

elliptics fixing  2,  and z,.   Since  Y is assumed nonfinite, there are elliptics of

arbitrarily high order.   Since each   A!  can be considered a rotation about the circle

with hyperbolic center  z     and since   \M'z\f,  is   n points where  tz is the order

of  M, necessarily   Yz  accumulates for a nonfixed   z.    By Theorem 2F of [5, p. 13],

Y is not discontinuous.

III.  Multiplier systems.   If  izQWtyfe) = icz + dffiMz), then Theorems 1

through 6 easily generalize in each of the two cases:  |iz (zM)| = 1  VM £ Y, and

zz(Al) general.   The proofs are merely reproductions of those already given with

zz(Al) inserted in the proper places, and are therefore omitted.

Theorems 1 and 2 obviously remain valid.

Theorem.    Suppose  f iz) = A iz - zfa/iz - £f)P is an automorphic form of

degree  r  with respect to  Y and has multiplier system  v(M).

3(i)    |»'(A1)| = 1  VM £ r then additionally permitted to the results of Theorem 4

3 is  r= a - z3,  z.   nonreal and z    - £, ,   M   elliptic fixing  z     and  £    where

v(M)=K{a+ß)/2.

3(ii)   // v (M)  is general, then additionally permitted is  r = a — ß7 z     real,

z2   real, M  hyperbolic fixing  z     and £     with  iz(zM)= ^a+P)/2^
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Also the notes   a = 2ß + 4n  in case (a) and ß = 2a + 4?z   in case (b) must

be dropped.

Theorem.   Suppose  f(z) = A {z - z,)    (z - z 2)       is an automorphic form of

degree  r  with respect to  Y and has multiplier system  v{M).

4(i)   //   fo(Al)| = 1 VA1  £ Y, then additionally allowed to the results of Theorem

4 is  r = a    + a     z    = z2   nonreal, M  elliptic fixing  z.  and z .   Also if vim) =

e27Tl*  and  K = e2rTl°  then  ci =8{r/2 - <X¿  modulo 1.

4(ii)   // v{M)  is general, then additionally permitted is   r = a    + a., z^   real,

z    real, M  hyperbolic fixing z     227722' z    «zz'i/s  v(zVl) = K 2  rea/, positive,

not 1.

Theorem.    Suppose  f(z) = A {z — z  )      is an automorphic form of degree  r

with respect to  Y  and has multiplier system  v (Al).

5(i)   //   fo(Al)| = 1  VM £ Y, then additionally allowed to the results of Theorem

5 is   r = a, z     nonreal, M   elliptic fixing  z       If v (M) = e       ®  and  K = e2jTl   ,

then  9 = cpa/2 modulo 1.

5(ii)   //  v (M)  z's general, then additionally permitted are

(a) r = a, z     rea/, M  hyperbolic fixing  z      iiztie   f (M) = Kr    .

(b) r / 2a, z     real,   M   hyperbolic fixing  z.   and  00  u'2/;/j  u(M)=;i7      _r

= K  —r    .   Were 22    denotes the upper left entry of M.

Thus the summary theorem, Theorem 6, can be extended to the two cases:

fo(M)| = 1   VM  e T, and   u(M) general, by the replacement of 3, 4, and 5 by 3(i),

4(i), and 5(i), and 3(ii), 4(ii), and 5(ii) respectively.   The few possibilities of

functions automorphic with respect to infinite groups which also have   v (M) = 1

VM £ Y are listed in (a)—(f) following Theorem 6.   If the condition   v (M) = 1

VM e T is replaced by   fo (M)| = 1  VM £ Y, then additionally permitted for infinite

r are

(g)   f{z) = A (z - Zpfo(z - Zpfo,   Zj  nonreal,   a/3 > 0,   r = a + ß, Y consists

solely of elliptics fixing  z.  and   z       As in  (f), Y is not discontinuous.

(h)   f{z) = A (z - Zp)r, z    nonreal,  r ¡t 0, Y consists solely of elliptics

fixing   z     and   z       As above   Y is not discontinuous.

(i)   /fo) = A (z - Zpia/(z - 5fo   , z    nonreal,   a/3 > 0,   r = a - fí, F consists

solely of elliptics fixing  z,  and  Zj.   As above, F is not discontinuous.

If  it (M) is general, then in addition to the above, the following nonfinite   Y

are allowed;

(j)   fiz) = A(z- Zp)a(z - z2)ß, Zp z2 real,   a/3 > 0,   a/ß, r= a + ß,Y

consists solely of hyperbolics fixing  z,  and  z  .   As in (b)  Y is discontinuous if

and only if   Y  is 1ft-cyclic.
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(k)   f(z) = A iz - z f, z,  real,   r 4 0.   Note that this is an addition to (c)

above.   Y may now also include hyperbolics which fix  z,.   But if  Y is discon-

tinuous, then by Theorems 21 and 2H of [5, p. 15], Y is lft-cyclic.

(1)   /(z) = A (2 - 2,)a, 2,  real,  0 / a 4 r 4 2a,  r / 0,   Y consists of hyper-

bolics fixing  z,   and   00.   As in (k) if  Y is discontinuous, Y is lft-cyclic.

(m)   fiz) = Aiz - zfa/iz - zfß, 2,, 22  real, aß > 0, r = a-ß,Y consists

of hyperbolics fixing  z    and   2       As above lft-cyclic is a characterization of

such  Y which are discontinuous.

Thus for nonconstant  /, if  Y is discontinuous, either   Y is finite or lft-

cyclic except in the two cases ^c) and Cd).

The study of automorphic forms meromorphic on the complex plane is completed.

¡IV.   Large domains.   Next to be considered are automorphic forms meromor-

phic on  fi where   II    C Q C C.

Theorem 7.   Suppose fiz) is an automorphic form of degree r with multiplier

system v (M), and is meromorphic in an open set  ÇI containing  il   , the upper

half plane.   Then the conclusions of Theorem 6 and its generalizations (para-

graph following Theorems 5(i), 5''ii)) are valid, with the sole exception that if

fiz)  is not the quotient of polynomials (Casel) then also allowed in Y are

elliptics of finite order.

Prool.   Case 1 of Theorem 6 is of course the only concern.

Parabolics.   c = 0 is permitted in Theorem 6.   If  c 4 0, the fixed point of

M = (      ,), parabolic, is real.   In Figure 1,  any  one  shaded region  (or  any  one

unshaded region) forms a fundamental region for the group generated by  M.

Since  II    C (2, we may choose a fundamental region lying inside  Í2.   Thus  fiz)

can be continued to a function meromorphic in all of   C, the complex plane, by

use of the functional equation  fiz) = v (M)_   icz + dffiMz).   Theorem 6 may then

be applied.   See also [2, pp. 21—23].

Figure 1
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Hyperbolics.   The same analysis is valid as in the above case, since in

either the   c = 0  or  c 4 0 cases, we may choose fundamental regions within   fi,

and then extend  fiz) by the functional equation to be meromorphic on all of   C.

Any single shaded region is a fundamental region [2, pp. 18, 19].   See Figure 2.

Figure 2

Elliptics of infinite order.   Suppose r = 0.   A sequence  \kii)\ can be found so

that if  z    £ II    is not a fixed point, then   \M       z f converges to a point in   II

[5, p. 12].   But  fiz) = 1/(M   {l)zf, so that the identity theorem implies   fiz) is

constant and thus rational.

If  r > 0, Theorem 7, Lemma 9, and Theorem 10 of [4] yield  /2r+2fe) =

[A ((z - zfiz - 2 f)r   X]r[iz - z,)/(z - z,)]" for some integer  77 and  z    /z,.

Without loss of generality  z,  £ II  .   Thus   r + 1  divides   ?2, and  /2fe) =

Ar  (r + 1)((z - 2 fiz - zf)r[iz - zf/iz - z f]m fot some integer  m and for some

r/ir + 1) root of A.   Since  / is meromorphic in a neighborhood of  z     either  772 = r,

or / has a pole or zero at z..   If  m = r, fiz) = AT ' 2(r   l\z - 2  ) , rational.   If

m 4 r,  f    has a pole or zero of even order, and so  r — m = 2k is even,   r + m =

2U + 77z),and  f(z) = Ar^2r + 2Az-zfkiz-zfk+m  which is rational.

If  r < 0, then  1// is an automorphic form of degree  - r, and the preceding

may be applied to conclude   1// and thus  / is rational.

Example.   M  finite order elliptic:   g(z) = exp/(z) where  /fe) and   M areas

in Example (c) after Theorem 3.

Theorem 8.   Suppose fiz)  is an automorphic form of degree  r on  Y, with

multiplier system  viM) and is meromorphic on  fi  open, where  II    - \x   \ C Í2.

Then additionally admitted to the conclusion of Theorem 7 are hyperbolic matrices

such that  c = 0, and parabolic matrices.

Prool. Since II C Í2, x, is real. For infinite order elliptics the above proof

remains valid. For hyperbolics with c / 0, Figure 2 shows there are fundamental

regions which lie in  A.   This, as above, is sufficient.
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Examples,  (a)   M hyperbolic with   c = 0:   M = fog2   \), r = 1, /(z) =

S^fo^fol'z - 2/3)2'.   /(z) is meromorphic in   C - |2/3i.   (b)  Parabolic with

/0:   M = (3/2   -1/2), 7 even > 2,

Mfo - 1 ,      (al     fo
/(z)=    £     -     where  Al' =

d.ta_w (c^ + ^r \c/ a/

/(z) is meromorphic in   C - |l |, and a form of degree  - r.

The two examples are demonstrated in similar manners.   Here we consider

(a), hyperbolic with   c = 0.   For 'b) see [3, pp. 72-77].   Let  M = i^~ '   *), ¿ > 1,

z5 / 0,   x = bd/(d2 - 1), 0 < <X< 1,   A = jz |  a < |z - *| < a" ' |.   x is the finite

fixed point of  Al.

In the figure, c - 0, M  takes any annulus to the next smaller annulus; i.e.,

toward the center  x.   Thus   |(M z - x)/M z|  tends uniformly on  A  to 1 as   / tends

to negative infinity, since   \M z\ —> oo uniformly in  A.   For all but a finite number

of negative   /,   |(M z - x)/M z\ < 2  for all  z  in  A.   Let   ~' mean those finite num-

ber of   / are omitted.

/ = 0

(^-YV| < r 2d1
\   Mlz     I l = 0

which converges since  d > 1.   Thus   S .".^((M z - x)/M z)zi   converges uniformly

in  A  to a holomorphic function.   Consequently, the undeleted sum

Z-TA^HM z - x)/M z)d   is meromorphic in  A.

For the terms with   / positive, we use  x = M x to find

|(m'z -x)dl\ = |(M'z - M'x)d'\

= dl\d-2lz + b{d~] +d-J + ... + 2T2/ + 1)

-(rf^fo+èfo-1   +Z2'-3   +   ...+22'-2/+I))|

= zi_'|z - x| < d~la~x     for  z  in  z4.

Choose   f > 0  such that   \x\ — e > 0.   For all except a finite number of positive   /,

|M z| > |x| - e for all  z  in   A, because   M z —> x uniformly in  A.   Again   £' denotes

the omission of these finite number of exceptional   /.   2J~,|((/M z - x)/M z)d | <

— '^Ax d~ a-1/(|%| - e) which converges since   d> 1.   As above, lA?_.{{Mz-x)/Mz)d

is thus meromorphic on  A.

Define  fiz) = S^r_oo ((M z - x)/M z)zi .  /(z) is meromorphic on  A, and in fact

on   (. - |x| since we may let   a shrink.   It has poles at each point of the infinite

set  |z | M z = 0 for some   l\.   Also  fiz) = {Oz + d)f(Mz) so that  / is an automor-

phic form on   Y = (M).

Theorem 9.   Suppose f (z)  is an automorphic form of degree  r  on  Y, with

multiplier system  v (M), and is meromorphic on  Í1,  open, where   W    - jx.,xj Co.
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Then additionally admitted to conclusions of Theorem 8 are hyperbolics with c 4 0.

That is, the only type ruled out is infinite order elliptics.

Proof.   Since  II    is  a  subset of   0,  both   x,    and   x2   ate real.   The

infinite order elliptics are ruled out as in Theorem 7.   Examples have been previ-

ously given for all types except for hyperbolics with  c / 0.

Example.   Hyperbolic with   c / 0:    A1 =xAi_\   ~\), T even > 2,  /fe) =

~f__0OiM z - 1 )(M z + l)/(c,z + df.  fiz) is meromorphic in   C - ¡1, - 1 i, and an

automorphic form of degree  - r.   For verification, see [3, p. 78].

V.   Nonintegral degree.   Theorem 6 is generalized.

Theorem  10.   Suppose fiz), not identically zero, is an automorphic form of

nonintegral degree   r  with respect to a group  Y C SL (2, R), and has multiplier

system  tz(M).    Suppose further that  f  is meromorphic in all of  C.    Then

(i)   if   |zz(Al)| = 1  VAl £ r, then   Y  contains at most translations;

i'ii)   otherwise either  Y  contains at most translations, or  Y  consists solely

of hyperbolic elements fixing some fixed real x  and oo, and fiz)  = k (2 - x)n  for

some constant  k and integer n, and v (Ai) = a~n~r  where M = („   . ,  ).    Thus

7>/([l/a] - a)  must be the same for every  Al  £ Y.

Prool.   It is clear that   c = 0, since otherwise examine the analytic continua-

tion once around a small annulus about  - d/c of  /fe) = icz + d)T/(Alz).   The left

side returns to its value upon continuation while the right side does not.   Thus

c - 0, and  M = (g   , ,  ).   The case  a =  ±1   is case (i) or the first part of case (ii).

If   a 4 H, then  M has a fixed point at   b/iil/a) - a),   f (z) has a Laurent expan-

sion  /fe) = 2^,z7  (z - b/iil/a) - a))"  valid in some deleted neighborhood of

b/iil/a)-a),   /(z) = zz(M)-'(0z + l/a)7(Mz) becomes

OO

Z % (z -7-4-)" = viM)- Xil/af Y a   (mz-1-\"
~   n\      il/a)- a) _"t    "\ il/a)-a)

00 / , „

= viM)-lil/aYZ"   {"2+ba_-_\
-I    n\ il/a)- a)

00 /„ 2 ; 4 3;•^        /a z + ba - a 2 - aJb - ab
= viM)-Xil/aY Z a„[-

-l        x

= tz(M) Hl/aY   Ya   \a2(z{l-a ] - _-_-_V

t    "l    \il-a2)        l-a2l

= v(M)~ Al/aY Z a "2" U - -b— )"■
,     n        V        il/a) -a I_, -        il/a) - a

Thus   a    = (l/a)T a2na   v(M)~1   for all   ?z.    If  f 4-0, then  a    4 0  for some   77, so that
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(l/a)Ta2n = v{M).   But  r is nonintegral, and so if   fo(Al)| = 1, then  a = ±1.   This

proves case (i).   Suppose now   fo(Al)| / 1   for some   M and further that there are  ?2

and  ttz such that  fl^ / 0 and   am/0.   Then  v {MY X{l/a)r = a~ 2n = a~ 2m.   Since

|«| ^ 1,   72 = ttz.   Case ''ii) follows.

Examples.

(i)   M = {\  \), f{z) = eiz, v(M) = eih, Y = (M),

(ii)   M = {\  \), f{z) = ez, v{M) = eh,Y = (M),

(ii')  M = i%   1/fl), fiz) = [z - b/iil/a) - a)]", v{M) = a2n~\ Y = (M).
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