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ABSTRACT. For a discontinuous group I' C SL(2, R), Poincar€ produced
a correspond)irng nonconstant automorphic form, meromorphic on the open upper
half plane II". When the domain of meromorphicity grows larger than 11", the
type of group which can support an automorphic form is restricted, and the
corresponding forms are generally quite simple. A complete analysis of this
phenomenon is presented, with examples which show results are best possible.

I. Introduction. Let I' be a group under multiplication of two by two
matrices with real entries and determinant one. To each matrix M = (£ g) there
is a corresponding linear fractional transformation Mz = (az + b)/(cz +d). A
function [(z) is an automorphic form of degree r with respect to I" on some

I-invariant set Q if { is meromorphic on Q and

, a b
./(z) =(cz +d)f(Mz), YM = <c J

> el and Vz € Q.
If 7=0, f(z) is an automorphic function. If v is a function acting on the ele-
ments of I" and [(z)v(M) = (cz + 4)' f(Mz), VM = (£ Z) €T and Vz €Q, then
v is the multiplier system associated with the automorphic form f. Normally an
automorphic form is required to have a certain growth condition within angles at
parabolic vertices [5, pp. 76, 77], but this condition shall be deleted since it
plays no role in the material presented here. For M # tI, the equation Mz =z
has two solutions (which may coincide) in the extended complex plane. If these
two fixed points {, and {, of M are distinct and finite, K is defined for each
M by Mz - )/ Mz - {)) = K((z = £)/(z = {,)). 1f { = =, K is defined by
Mz - {, =K(z-{¢,). If {;=¢(,,then K=1. This K is called the multiplier of
M. Let K= peig. For a matrix M with real entries, there are three possibilities:

if p=1, 040, M is called elliptic,

if p£1, 6=0, M is called hyperbolic,

if p=1, 0=0, M is called parabolic.
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A parabolic of form i((l) [17) is a translation. The multiplier for M™ is K™. A
matrix M has [ft-order n if its corresponding linear fractional transformation is
of order n; i.e. M” = 1. Only an elliptic matrix can have finite lft-order n, and
then if and only if its multiplier K is an nth root of unity [S, pp. 6, 7). T is
called [ft-cyclic if the corresponding linear fractional group is cyclic. Since both
(‘; Z) and (:z :Z) correspond to the same linear fractional transformation, a
normalized representative can be chosen such that a >0, and if @ = 0 then ¢>0.

An ingenious classical result of Poincar€ established that for most discon-
tinuous groups, a corresponding nontrivial automorphic form of degree --7, r even
and greater than two, is given by XH (Mz)(cz + d)™" where H(z) is a restricted
type of rational function, and the sum is over all distinct bottom rows of Mz for
normalized M in I' [6]. Elementary modifications and combinations of such func-
tions give automorphic forms of any even degree for a discontinuous ['. Such
forms are mernisorphic on the open upper half plane n. A question raised by
Marvin Knopp was: For what groups may a nonconstant entire automorphic form
be found? The answer, incorporated in the results below, is: either the function
is a polynomial (which case is then studied in full), or the group must be gener-
ated by at most two translations. Actually a more general approach was used,
valid for functions meromorphic on the plane. For such a nonconstant [ with
multiplier system identically one, we prove that either I' is finite or I" consists
solely of translations, solely of nontranslational parabolic elements, solely of
hyperbolic elements, solely of elliptic elements, or I" is the group extension of a
hyperbolic group by a single elliptic. In each of these cases, f(z) must have a
particularly simple form; for instance if I' consists of parabolic elements (not
translations), then /(z) = A (z — z,)% where z, is real, and the degree 7 = a £ 0.
Results of Knopp are here useful. For multiplier systems not identically one,
similar results are given.

Finally we study the case where [ is meromorphic on various other domains
larger than the half plane. Rational functions fall naturally under the above-men-
tioned results. For nonrational functions:

(a) if [ is meromorphic on the whole plane, then the group I' is Ift-cyclic
and is generated by at most two translations;

(b) if { is meromorphic in a domain containing the closed upper half plane,
then additionally permitted in I' are elliptics of finite order (Theorem 7);

(c) if [ is meromorphic in a domain containing all except one point of the
closed upper half plane, then additionally allowed in I" are hyperbolics with lower
left entry zero and parabolics (Theorem 8);

(d) if { is meromorphic in a domain containing all except two points of the

closed upper half plane, then additionally permitted in I' are hyperbolics with

arbitrary lower left entry (Theorem 9).
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Thus as the required domain of definition Q of [(z) shrinks, more freedom is
allowed to the group I'. One need not continue with theorems in which more points
are removed, since already by (d) above, I" may be cyclic of any type except that
generated by an infinite order elliptic. That I' cannot contain an infinite order
elliptic, even if Q = I1%, follows from the proof of Theorem 7. Thus Theorems 7,
8, and 9 fill the gap between Theorem 6 where () is the complex plane, and
Poincaré€’s result where (1 is the open upper half plane. Theorems 7, 8 and 9 are
independent of whether or not a multiplier system is present.

Throughout, a, b, ¢, and d are real and ad — bc =1. For a, b, ¢ and d com-
plex, see [3]. Until Theorem 10, r is integral. In Theorems 1 through 6, v(M)=1,
WM € I'. C denotes the complex plane, and " the open upper half plane.

II. Functions meromorphic on C.

Theorem 1. Let f, an automorphic form of degree r with respect to T, be
meromorphic on the complex plane and be nonrational, Then I contains at most

trans lations, and is lft-cyclic, thus generated by at most two matrices.

Proof. Suppose T contains M = (4 Z) with ¢ # 0. Set /A(z) = f(Mz) =
(cz + d)77{(2). [ is meromorphic in a neighborhood of M~1w = ~ d/c so that [ is
meromorphic at infinity. Since it is also meromorphic on all C, f(z) is rational, a
contradiction. So ¢ = 0. Next it is shown @ =d = 1. If not, the two fixed points
of M are « and CX =b/(d-a). Let [(z)= 2:‘7:[\, an(z - C])" be the expansion

valid in some deleted neighborhood of Cl. Let y be a small circle about (.

@ - L @ f (0t +d)’/(Mt)
kT 2 7(,_41)k+1 B Y (o g)kﬂ
a3 ya (((at + b)/d) - )"

f . ! dt

2171 Y €I)k+l
¢ Zhona,at + b)/d - (@l + b)/d)
=5 f dt
2mi Y (t - Cl)le+1
r 3> a (a/d)*(t - L)
_ d f n=N"n 1 dr.
2ai YV

(¢t - Cl)k“
Here two facts have been utilized: first that M carries a small neighborhood of 41
onto a small neighborhood of 41 and thus the substitution of Mt for ¢ in the

expansion is a valid procedure for the determination of f(Mt), and second that

¢, =@l +b)/d. Now |t - ¢,| remains greater than some nonzero constant for
on ¥, and 2:10=N an(a/d)"(t - ()" converges absolutely and uniformly to /(1)/d"
for t on y. Thus
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32 a (a/dy(e - ¢
(t - él )k+l

.
converges likewise, and the interchange of order of summation and integration is

justified.

roo A" 1 (l—él)n 4
uk=d Z an(Z) {,77 Y(Z_él)kﬂ !

n=N

(e k ) (=Y di 2@ if m=-1,
= (‘—1- a,, since fyt— 1 =

0 otherwise.

So a, =a,d’~ 2k since ¢ =0 forces a =d~!. [(z) is nonrational so that p and
q may be found such that a, #0 and a, £0. 1=d""29-4d""29, Not both
r-2p and 7 —29 can be zero. Thus |d| =1 and since ad - 0b =1, M = i’((l) Ii),
a translation.

That I is Ift-cyclic is seen by the decomposition of I into the disjoint
union of I’ and T where I'' contains the matrices of form ((l, ll’) and T, not a
group, those of form (’(l)_bl). For I'', f(z) = (0z + 1) f(z + b) so there must be
aM;in I such that |bo| is minimal nonzero, for otherwise the values of / would
accumulate and / would be constant. '’ is generated by a M, by a euclidean
algorithm type argument. If M = (“(l)_bl), M? = ((1) "lu’) so b, divides 2b and
b=mnby/2. If, for all such b, n is even, I' is generated by ((1) blO) and ("(1) _b?)
If n is odd for some b, I' is generated by (—(1) b_ol/z). In either case I' is Ift-
cyclic.

Example. [(z) = e2™%, M= ((1) i),

Thecorem 2. Let

(z - zl)al(z - zz)aL2 cee (2 _.zm)aﬂ

I(Z) =A
B B, B,
(e-¢) e-¢) 2 o)
be an automorphic form of degree r with respect to I, where a, >0 and B; >0,
and all of the z; and c_,’]. are distinct., If m + n > 2, then I" consists at most of
elliptic matrices of order at most 2max (p, q) + 2 whose lft-order is at most
max (p, g) + 1. If both m and n are greater than two, “‘max’’ may be replaced by

Hmin”.

Proof. The following claim is useful. Let M = @ Z) el
; b b A% b
Claim. If c #0 and (£ })" = (:z d:) and (£ )" = (g;"n S;,"n , then

@ z)" = +(Z s)m. Without loss of generality 7 < m.

M az +b az+b a z +b
M ZEo M, M GERO, M M T T M
cz +d c z+d sc z + sd
n n n n
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M M M M M
Let z=—dn/cn. Then-dn/cn — s — 00 — e.. — 00 — «.., S0 that

M™~" has o as a fixed point in addition to the two finite fixed points which M
possesses. Thus M™™" = *] and the claim follows.

Since p+9q >2, w, a zero or pole of [, can be found which is neither of the
fixed points of M. Assume it is a zero. [(wo) =0=(c _w +d Vf(M™w ). I
CWo + a'm =0=c w,+ dn for m £ n, then (since neither c,, mor ¢ can be zero
because the determinants must be one) — dm/cm =wy=- dn/cn, so that ¢ = sc,
and dm = Sdn where s = — cmwo/d”. By the claim, M” = £tM™ and M"™™ = %I so
M is of finite order elliptic type. Thus remaining to be considered is the case of
€ Wo+d, =0 forat most two m. The /(M'"wo) must now be zero for every m
but two. Unless M is of finite order elliptic, the M™ would all be distinct which
would imply { has infinitely many zeros, a contradiction. The same reasoning
applies if w is a pole.

If w, is a zero, a count of the number of times (cmw0 + dm)’/(M”'wo) may be
zero (m=0,1,2,"..) yields twice for each zero of [ and twice more for the
possibility (med + dm) =0, i.e., M"w = oo, so that the maximum order is 2p + 2.
If w, is a pole, the maximum order is 2¢ + 2. If both p and g are greater than
two, then w, can be chosen arbitrarily as either a zero or a pole. Thus the given
bounds on the magnitude of the order are valid.

Example. /(z) = (z - 1)%(z + 4/3)%(z + 5/2)%/(z = (- 3 + iV3)/2)3, M=
oy, mon oo,

Under the hypotheses of Theorem 2, I' is finite by Burnside’s theorem [1, p.

251] since T" is periodic of period at most (2 max (p, ¢) + 2)!

Theorem 3. Suppose g(z)=A(z - z,)%/(z - §l)ﬁ is an automorphic form of
degree r on I" where z, £{,, >0 and B>0. Then

if z, and (| then I consists of

(a) r

[
Q

!
N
@

nonreal-real elliptics of Ift-order at most two fixing z, and

interchanging (| and o

(b) r=2a - B | real-nonreal elliptics of Ift-order two fixing ¢, and inter-
changing z, and oo
)r=a-pB nonreal z | =Zl elliptics fixing z, and {1 of Ilft-order at most

%(a+ B)if o+ B is even, of Ift-order at
most (a + B) if a + B is odd.

Otherwise T" = {I} or {I, — I}.
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Also in case (a), a = 23 + 4n for some integer n; in case (b), B =20+ 4n

for some integer n.

Proof. If ¢ =0 for some M = (Z Z) €I, then « is a fixed point of M, so at
least one of z; and Cl is not. Assume z, is not a fixed point. Then 0 = /(zl)
=d’f(Mz) so that Mz, is also a zero of /. But Mz, £z, and Mz £ c. This
contradicts the form of f. Likewise if 41 is not a fixed point, then [ must have

a pole at Mél, again a contradiction. So ¢ # 0.

(z—zl)a (z(a—czl)+b—-dzl)a
= (cz + d)f (M2) = Alez + )~ o+

(Z):A .
f él) (z(a—c(:l)+b—a’é’l)ﬁ3

(z -

(z - 2) @ - ) + b —dd))P

(%) _crmatB(y 4 d./r)’_a+/3(z—§1)/3(z(a—-czl) + b-dzl)’B.

Case 1. a«t:Cl =0. Then a - cz, #0 since 2z, # ¢, and c # 0. (+) becomes

(2 )6 - d0)F = oz 4 /e =Bz~ ¢ DPlla = cz)) 1 b - dz )®
=™ tB(q _ czl)a(z +d/c) TRz - él)ﬁ(z + (b—dz )/(@-cz))*
=" *Ba - cz )Nz + d/c) T (2 - 41)'8(2 =Mz

So either M™'z, = — d/c (but this implies z, = o), ot M"'z, =z, and ¢, =—d/c
and - B=r-a+f. So z, is fixed and Cl =—d/c MM a/c:él so that
M? = *I. This is (a). Also (b - dCl)'B= "By czl)a and (b - d{l)'B=
(& —da/c)'B= (- l/c)ﬁ, But @ = ~d so that Mz, =z, has solution 2z, = (a % i)/c
and (a — Czl) =¥ i Thus (F)% = (- l)ﬁ, which implies a =28 + 4n for some
integer n.

Case2. a—cz;=0. Then a -~ cél # 0 since z, # 41 and ¢ # 0. () becomes

(z - zl)a(Z(a —cd))+ (b - dél))ﬁ =c"mB(z L d/c)y T atB(z - gl)ﬁ(g, - dz))"

Thus 2z, = - d/c and §1=M—1§2 and @ =r-a+ . Thus z, =-d/c M
& a/c =z sothat M? = I, | is fixed, and r =20 - B. This is (b). That
B =2a + 4n follows as in Case 1.

Case3. a-cz, #0 and a - c§1 #0. (%) becomes

(z-2)%a-c{)Ple =M~ 1L)P = 7~ o*Blz + d/Y ™ Be ¢ YPlamcz ) (z-M"12 )"

The two sides must be of the same degree in z; hence r— a + 8=0. Also
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z, = M'lz1 and ¢, = M'ICI because z'l £ {,. Necessarily (a - cz )%=
(a - cCI)'B. If K is defined by (Mz - z,)/(Mz - {|) = K(z - z,)/(z ~ {;) where z,
and {, are the fixed points of M, then

() - ()

z -z ] z -z, z(zl—KCl)+(Kzlél—zlél)
Mz [I—K(z—él> =ZI_K41<;_———C_1) and Mz - z(l—K)+(Kzl_§l) '

But M = (¢ Z) where ad - bc = 1. Note that if we select § = \/K(z; - {;) then

; z(zy - KE)/S + (K~ Dz ¢, /s
C T TR K/S + (Kzy —L)/s

and the corresponding matrix has determinant one. Thus

VKGz, - ¢) VK(z, - ¢)) VK(z, - ¢)) VK(z, - {))

and the equation (@ - cz )%= (@ - cCl)ﬂ becomes

z, - K¢, 1-Kz, 1° z, - K¢, 1-x¢, 18
VKGz, - ¢) VR -&) | |VRGE, -¢) VR, -]

aQ/vK)® = (\/1_<)’8. So (\/R)M’B: 1. Case (c) follows. z,; :Zl because z, and (|
are the fixed points of a finite order elliptic.

Examples. (a) f(z)=(z-(Q1 + N/ (z-1), M= (i :%),

b) (@) =(-1)/z-0+N, M= 2D,

(@) @) =E-U+N/z-Q=-)2 M= (i :f)

Under the hypotheses of Theorem 3, I' is finite. In case (a) suppose I' con-

tains two matrices M, and M,. Then M M, must also satisfy the conditions on
(a), but it fixes Cl. Thus I' = {M, I} at most. Likewise in case (b). In case (c)
I" is finite by an application of Burnside’s theorem [1, p. 251].

Theorem 4. (Knopp [4, pp. 513-515]). Let p(z) = A(z - zl)al(z - zz)a2 be
an automorphic form of degree r on I' where z, £z, and a >0, a,>0. Then
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if r z then T" consists of

(a) r=2a, =2a, z,, z, real byperbolics [ixing z, and z;
elliptics of Ift-order two mterchanging

z, and z, with a,, @, even

(b) r=2a, =2a, 2z, =Z,, nonreal elliptics fixing z, and z,
(¢) r=2a, =2a, z,, 2z, € m* elliptics of Ift-order two interchang-
or 7, %, ell™  ing z, and z, with o, a, even
d) r= 30, =3a, z,, z, real elliptics of Ift-order three permuting
z, Z, and
(e) r=a; + a, £20, z, = z, elliptics fixing z, and z, of Ift-
order at most r —2a., if r is odd,;
/2 —a, if r is even
() =20, +a, z, real, elliptics of Ift-order two fixing z,
z, nonreal and interchanging z, and oo
(g) r=2a,+a, z, real, elliptics of Ift-order two fixing z,
z, nonreal and interchanging z, and oo

Otherwise T' = {1} or {1, - I}.

Examples.
(a) (1) plz) =(z -1z + 1), M= %(-g _g),
(2) pz) = (z = 22z + 3)%, M=% (1 ),

b) pz)=(z-iNz+id), M= (::g 'z':‘see), where if 6 = 2nm/n then M is of
order n, and if /27 is irrational then M is of infinite order,
() p&) =z = D)2z =20)%, M= (%, ),

@ p)=(z-1z-2), M=( I,

) p(&)=(-=+), M=(_2 ),

€ p@=G-1-0+)N, M= D,

(g) reversed order of factors in (f).

Pertinent to the question of what types of groups are permitted when an
automorphic form of a certain type is given, is the size of I' in (a) through (g).
Elementary considerations show in (c), (f), and (g), I is at most {+l, *M} where
M? = #1. In ), T is at most {*I, *M, M2} where M3 = *I. In (e), as in
Theorem 3, I is also finite by Burnside’s theorem. However in (a), I" could in
fact be all matrices which satisfy either condition. Clearly every elliptic in (a)

satisfies M? = %I since M? has four fixed points. Thus if I is not finite, either

case (a) or (b) must hold.
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Theorem 5 (Knopp [4, pp. 515, 516]). Let p(2) = A(z ~ 2,)* be an automor-
phic form of degree r on I where a >0. Then

if and z, then I" consists of
(a) r=2a z, real byperbolics fixing z, and oo; and elliptics of Ift-
order two interchanging z, and o, and o even
(b) r=qa I z, real | parabolics fixing z
(c)r=a z, monreal | elliptics [ixing z of Ift-order 1/2 if r is even,
and Ilft-order r if r is odd

Otherwise T' =4I} oril. - I}.

Examples.

(@) (1) plz) = (z + 2/3), M=((2) 1}2),
) plz)=(z-1)2, M= (1 -2,
) ple) =% - (D,

© p)=(z -G +iy3)/2)3 M=( =3
I" in (a) could in fact be all matrices which satisfy either condition. If M is
elliptic, M? has four fixed points so M? = *I. In /c) ' is finite by Burnside’s

theorem.

Theorem 6 (Summary). Let f(z), nonconstant, meromorphic in C, be an auto-
morphic form of degree r on " with multiplier system identically one.

(1) If {(z) is not the quotient of two polynomials, then 1" admits at most
translations, and is Ilft-cyclic. (Theorem 1).

@ I [@) =AG-2) e -2) . =2 ) e~ &) e - )
(z = £ )™ where the z, and the (J. are all distinct and o> 0, B,>0, and

if m=0,n=1,then Theorem 5 lists the possibilities for I'.
m =0, n =2, then Theorem 4 lists the possibilities for I".
m=1, n =1, then Theorem 3 lists the possibilities for I.
m =1, n =0, then the results are as in Theorem 5.

m =2, n = 0, then the results are as in Theorem 4.

Otherwise, I' contains at most finite order elliptics as seen by Theorem 2.

Proof. The only parts which are not already proved are the cases m =1, 2
with n = 0. However if f(z) is an automorphic form of degree r, then 1//(z) is
an automorphic form of degree — 7. In 1/f (2), the numerator has 1 or 2 distinct
zeros and the denominator no zeros, which was handled in Theorems 4 and 5.

A summary of the previous results on the finiteness of I' in the above theorem

is: for { meromorphic in C, and an automorphic form of degree 7 on I', I' is
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finite except in the following few cases:

(a) [(z) is constant. If r =0, I' is arbitrary. If r£ 0, I" can contain only
translations.

(b) /(2) nonrational, I' Ift-cyclic containing only translations. I is thus
discontinuous.

(c) f(z)=A(z - Z])', z, real, r £ 0, I' consists solely of parabolics fixing
z,. By Theorems 2F and 2H of [s, pp. 13, 151, T is discontinuous if and only if
I' is Ilft-cyclic in this case.

d) f(z)=A(z ~ Zl)”'lz, z, real, 0 £ r even, I’ consists of hyperbolics
fixing z, and o. If /2 is even, also permitted are elliptics of lft-order two
which interchange z, and c. If I''is the subgroup of all hyperbolics in T, and
E and E' are elliptics in I, examination of the fixed points shows E-'E'eT’
so E' € ET'. Thus ['=T" U ET"’ and as in (c) is discontinuous if and only if
I is lft-cyclic. So I' is discontinuous if and only if I" is lft-generated by a
hyperbolic, or if 7/2 is even, by at most a hyperbolic and an elliptic.

(e) [2)=A(z - zl)"’/z(z - zz)"/z, z,, z, real, 0 # 1 even, I' consists of
hyperbolics fixing z; and z,. If r/2 is even, also permitted are elliptics of Ift-
order two which interchange z; and z,. As in (d), if I' is discontinuous, I'is
Ift-generated by a hyperbolic, or if 7/2 is even, by at most a hyperbolic and an
elliptic.

) [()=A(z -~ ZI)'/z(Z - El)'/z, z, not real, 0 £ 7 even, I' consists of
elliptics fixing z, and Z;. Since I' is assumed nonfinite, there are elliptics of
arbitrarily high order. Since each M can be considered a rotation about the circle
with hyperbolic center z,, and since {Miz}zl is n points where 7 is the order
of M, necessarily I'z accumulates for a nonfixed z. By Theorem 2F of [s, p. 131,

I" is not discontinuous.

III. Multiplier systems. If v (M)f(z) = (cz + d)'f(Mz), then Theorems 1
through 6 easily generalize in each of the two cases: [v(M)| =1 VM € I", and
v (M) general. The proofs are merely reproductions of those already given with
v (M) inserted in the proper places, and are therefore omitted.

Theorems 1 and 2 obviously remain valid.

Theorem. Suppose f(z)=A (z - zl)a/(z - CI)B is an automorphic form of
degree r with respect to ' and has multiplier system v(M).

3(1) |[vWM)| =1 VM €T then additionally permitted to the results of Theorem 4
3is r=0a-f, 2z, nonreal and z, = (|, M elliptic fixing z, and {, where
v (M) _ K( a"'B)/Z.

3(ii) If v(M) is general, then additionally permitted is r= a - 8, z, real,
z, real, M byperbolic fixing z, and él’ with v(M) = K(a+/3)/2.
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Also the notes a =23 + 4n in case (a) and 3 =2a + 4n in case (b) must

be dropped.

Theorem. Suppose [(z) = A(z — zl)al(z - zz)(12 is an automorphic form of
degree r with respect to U and has multiplier system v (M).

4(i) If lvM)| =1 VM €T, then additionally allowed to the results of Theorem
4is r= A+ 0, 2, = 32 nonreal, M elliptic fixing z, and Z 5. Also if v(M) =
2P gnd K = 20 then ¢=0(/2 - az) modulo 1.

4(ii) If v(M) is general, then additionally permitted is r= a

+a.,,z, real,

1 2271
z, real, M byperbolic fixing z, and z, with v(M) = K722 req, positive,

not 1.

Theorem. Suppose f(z) =A(z - zl)a is an automorphic form of degree r
with respect to 1" and bas multiplier system v(M).

S() If lvM)| =1 VM €, then additionally allowed to the results of Theorem
| nonreal, M elliptic fixing z,. If v(M) = 2P and K = 2719,
then 0 = ¢a/2 modulo 1.

S(ii) If v(M) is general, then additionally permitted are
(@) r=a, z, real, M hyperbolic fixing z, with v(M) = K72,
(b) 7#2a, z, real, M hyperbolic fixing z, and o with v(M) = al®r
. Here a denotes the upper left entry of M.

Sisr=a, z

— Ka—r"Z

Thus the summary theorem, Theorem G, can be extended to the two cases:
luM)] =1 VM €T, and v(M) general, by the replacement of 3, 4, and 5 by 3(i),
4(i), and 5(i), and 3(ii), 4(ii), and 5(ii) respectively. The few possibilities of
functions automorphic with respect to infinite groups which also have v (M) =1
VM €T are listed in (a)—(f) following Theorem 6. If the condition v (M) =1
VM €T is replaced by |v(M)] =1 VM €T, then additionally permitted for infinite
I' are

(g) /(z)=A(z - Zl)a(z - El)ﬁ’ z, nonreal, a3 >0, r=a + B, I' consists
solely of elliptics fixing z, and Z,. As in (f), I' is not discontinuous.

(h) f(z) = A(z - 2,), 2z, nonreal, r £0, I consists solely of elliptics
fixing z; and Z,. As above I' is not discontinuous.

(i) f(z)=A(z - Zl)a/(z —51)/3, z, nonreal, a8 >0, r=a- B, I' consists
solely of elliptics fixing z, and Z;. As above, I' is not discontinuous.

If v(M) is general, then in addition to the above, the following nonfinite I
are allowed:

() [(2)=A(Gz-2)%z-2) 2, 2, real, af>0, a £ B, r=a+B, T

consists solely of hyperbolics fixing z, and z,. As in (b) I' is discontinuous if

and only if T" is Ift-cyclic.
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k) f(z)=A(z - zl)', z, real, 1 # 0. Note that this is an addition to (c)
above. I' may now also include hyperbolics which fix z,. But if I" is discon-
tinuous, then by Theorems 2I and 2H of [5, p. 15], " is Ift-cyclic.

D) [R)=A(z - zl)a, z  real, 0 £ a£r#£2a, r£0, I' consists of hyper-
bolics fixing z, and . As in (k) if " is discontinuous, I' is Ift-cyclic.

(m) f(z)=A(z - zl)a/(z - zz)'B, z,, z, real, af§ >0, 7 = a~fB,I" consists
of hyperbolics fixing z, and z,. As above lft-cyclic is a characterization of
such I' which are discontinuous.

Thus for nonconstant f, if I' is discontinuous, either ' is finite or Ift-
cyclic except in the two cases (c) and (d).

The study of automorphic forms meromorphic on the complex plane is completed.

1v. Large domains. Next to be considered are automorphic forms meromor-
phic on @ where NI* CQ CC.

Theorem 7. Suppose [(2) is an automorphic form of degree r with multiplier
system v (M), and is meromorphic in an open set Q containing ﬁ-+, the upper
half plane. Then the conclusions of Theorem 6 and its generalizations (para-
graph [ollowing Theorems 5(1), 5(ii)) are valid, with the sole exception that if
f(z) is not the quotient of polynomials (Casel) then also allowed in T" are
elliptics of finite order.

Proof. Case 1 of Theorem 6 is of course the only concern.

Parabolics. ¢ =0 is permitted in Theorem 6. If c¢ £ 0, the fixed point of
M= Z),parabglic, is real. In Figure 1, any one shaded region (or any one
unshaded region) forms a fundamental region for the group generated by M.

Since .H+ C (2, we may choose a fundamental region lying inside Q. Thus f(z)

can be continued to a function meromorphic in all of C, the complex plane, by
use of the functional equation f(z) = v(M)~!(cz + d)"/(Mz). Theorem 6 may then
be applied. See also [2, pp. 21-23].
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Hyperbolics. The same analysis is valid as in the above case, since in
either the ¢ =0 or ¢ #0 cases, we may choose fundamental regions within (1,
and then extend f(z) by the functional equation to be meromorphic on all of C.

Any single shaded region is a fundamental region [2, pp. 18, 19]. See Figure 2.
” o A
\ N Q\
\"&\ N0
N \§ \

\

c#£0

Figure 2

Elliptics of infinite order. Suppose r=0, A sequence {k(i)} can be found so
that if z, € I is not a fixed point, then {Mk(i)zl} converges to a point in 1"
[5, p. 12]. But f(2) = 1/(Mk (i)zl), so that the identity theorem implies [(z) is
constant and thus rational.

If r>0, Theorem 7, Lemma 9, and Theorem 10 of [4] yield f272(2) =
Az - z )z - El))’ﬂ]'[(z -2,)/(z =z )I" for some integer » and z, £ Z,.
Without loss of generality z, € M*. Thus r+1 divides n, and /2(2) =
AT/ (7 2 zl)(z - "z'l))’ [(z = El)/(z - zl)]m for some integer m and for some
r/(r +1) root of A. Since f is meromorphic in a neighborhood of z,, either m=r,
o Hm=r, f(z) = AT/2rt ) El)’, rational. If
mir, [* has a pole or zero of even order, and so r—m = 2k is even. r+ m =
2(k +m),and flz) = A7/ 2)(z _ zl)k(z - El)k+’" which is rational.

If 7<O0, then 1/f is an automorphic form of degree — r, and the preceding

or [ has a pole or zero at z

may be applied to conclude 1/f and thus [ is rational.
Example. M finite order elliptic: g(z) = exp /(z) where [(z) and M are as

in Example (c) after Theorem 3.

Theorem 8. Suppose f(z) is an automorphic form of degree r on T, with
multiplier system v(M) and is meromorphic on Q open, where II* - fx}cq
Then additionally admitted to the conclusion of Theorem 7 are byperbolic matrices

such that c =0, and parabolic matrices.

Proof. Since M*CQ, x, is real. For infinite order elliptics the above proof

remains valid. For hyperbolics with ¢ # 0, Figure 2 shows there are fundamental

regions which lie in {}. This, as above, is sufficient.
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Examples. (a) M hyperbolic with ¢ =0: M = (1(/)2 ;), r=1, /()=
LY Mz —2/3)2L f(2) is meromorphic in € - {2/3}. (b) Parabolic with
c#£0: M= (?;g _H;), r even > 2,

o0

l b
f(z) = Z &_l__ where Ml=<al d1>'

I=—oo (c)z +d)) ‘1 %

/(z) is meromorphic in C - {1}, and a form of degree —r.

The two examples are demonstrated in similar manners. Here we consider
(a), hyperbolic with ¢ = 0. For (b) see [3, pp. 72=77). Let M= (47" &), > 1,
b£0, x=bd/d?-1),0<a<l, A={z] a<|z-x|<a"'} x is the finite
fixed point of M.

In the figure, ¢ = 0, M takes any annulus to the next smaller annulus; i.e.,
toward the center x. Thus |(M%z — x)/M'z| tends uniformly on A to 1 as [/ tends
to negative infinity, since [M‘z| — w uniformly in A. For all but a finite number
of negative I, |(M'z — x)/Mz| <2 for all z in A. Let = mean those finite num-

ber of [/ are omitted.

— 00 ! — 00
> (el < 5
1=0 | M’z | =0

00

which converges since d >1. Thus X7 (M'z = x)/M!2)d! converges uniformly
in A to a holomorphic function. Consequently, the undeleted sum
35 ((M'z - x)/M'2)d" is meromorphic in A.

For the teims with [ positive, we use x = M!x to find
(Ml — 2! = |z = Ml
—dld= ey b(@ v dTd g d R
—@ M yb(@ v dmd a2

=d'llz— x| Sd_la_l for z in A.

Choose ¢ >0 such that |x| — ¢ > 0. For all except a finite number of positive I,
|M!z] > |x| = ¢ for all z in A, because M'z — x uniformly in A. Again X' denotes
the omission of these finite number of exceptional I E;:’Il((Mlz - x)/M!2)d"| <
2;:1 d—la"l/(lxl - ¢) which converges since d > 1. As above, EZI((MIZ—x)/MIZ)dl
is thus meromorphic on A.

Define f(z) =237 ((M%z - x)/M'2)d". {(z) is meromorphic on A, and in fact
on C - {x} since we may let a shrink. It has poles at each point of the infinite
set {z| M'z = 0 for some . Also f(z) = (0z + d)f(Mz) so that / is an automor-

phié’form on I' = (M).

Theorem 9. Suppose [(z) is an automorphic form of degree r on I', with

multiplier system v(M), and is meromorphic on Q, open, where n- {xl, x2§ c Q.
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Then additionally admitted to conclusions of Theorem 8 are byperbolics with ¢ £ 0.
That is, the only type ruled out is infinite order elliptics.,

Proof. Since 11" is a subset of , both x; and x, are real. The
infinite order elliptics are ruled out as in Theorem 7. Examples have been previ-
ously given for all types except for hyperbolics with ¢ £ 0.

Example. Hyperbolic with ¢ #0: M =Y (_; "g), r even > 2, f(z) =
E‘Z_&(Mlz ~ 1Mz + l)/(c,z -o:dl)’. f(2) is meromorphic in C - {1, -~ 1}, and an
automorphic form of degree — r. For verification, see (3, p. 78].

V. Nonintegral degree. Theorem 6 is generalized.

Theorem 10. Suppose f(z), not identically zero, is an automorphic form of
nonintegral degree r with respect to a group I' CSL (2, R), and bas multiplier
system v(M). Suppose further that [ is meromorphic in all of C. Then

(i) if [vM)| =1 VM €', then T' contains at most translations;

(i1) otherwise either I' contains at most translations, or I" consists solely
of byperbolic elements fixing some fixed real x and o, and {(z) = k(z — x) for
some constant k and integer n, and v(M) = a®™~7 where M = (§ l’a) Thus
v/([1/a) — @) must be the same for every M €T.

Proof. It is clear that c = 0, since otherwise examine the analytic continua-
tion once around a small annulus about — d/c of f(z) = (cz + )" f(Mz). The left
side returns to its value upon continuation while the right side does not. Thus
c=0,and M= (§ e
If a# t1, then M has a fixed point at b/((1/a) ~ a). f(z) has a Laurent expan-
sion f(z) = £%,a (z - b/((1/a) - a))" valid in some deleted neighborhood of
b/((1/a) - a). [(z)=vM)~ 10z + 1/a)’f(Mz) becomes

Eefoguae) o E e

_l — (1/a) - a

). The case a = 11 is case (1) or the first part of case (ii).

=U(M>—‘<1/a)' 5 a (2+ba- b )

(1/a) = a
azz+ba—a z—a’b - ab
- u(M)“(l/a)’ ( " )

=v(M)°1(1/a)’ [2( (I—a ab >]n
(1-a?) 1-—a2

~ o)~ 11 Jay 2"( _ ——)
v a _ZI aa’" |z )=

Thus a = (1 /a)'aznan v (M)~ for all n. If f#0, then a_#0 for some n, so that
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(1/a) a®” = v(M). But r is nonintegral, and so if |v(M)| =1, then @ = *1. This
proves case (i). Suppose now |v(M)| #1 for some M and further that there are n
and m such that @_#0 and @ #0. Then v(M)~ Y1/ay =a=?" =a=?™. Since
la] #1, n=m. Case (ii) follows.

Examples.

(W) M= 5, fz) = ™, vM) = ™, T = M),
(ii) M= ((l) ll’), [) = €%, v(M) = eb, T = (M),
(i) M= (& ,5), () = [z - b/((1/a) = @))", v(M) = a®"~7, T = (M).
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